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Problem 3: 

The boy just has to copy the digits of the three digit number down twice in sequence to get the resulting 
product: 715,715.  The first one in 1,001 moves the digits of the three digit number three to the left in 
the resulting product so that they do not have to be added to the digits created by the second one in the 
1,001.  

Problem 4: 

Again, you can just copy fifty-seven down in sequence several times to get the answer: 5,757,575,757.  
The ones in 101,010,101 are placed so that they would put the digits of any two digit number into spots 
in the resulting product where they don't have to be added to any other digits, so you can just start 
copying them down in sequence to get the product.  But, even if you didn't do that in this case, you 
should quickly see that it works out that way as you carry out the addition.  Here is the stack created 
when multiplying the numbers:  

  



1 01 01 01 01 

×  57 

57 

57 00 

57 00 00 

57 00 00 00 

57 00 00 00 00 

57 57 57 57 57 

Problem 5: 

Similar to the previous problems, the placement of ones and zeros makes the addition and 
multiplication easier than it might otherwise be, and more importantly, there is a pattern to it.  I think, 
in this case, you are probably just supposed to carry out the multiplication as opposed to being able to 
spot a trick.  Here is the stack:  

10 20 30 40 50 

×  1 00 01 

10 20 30 40 50 

10 20 30 40 50 00 00 

10 20 40 60 80 40 50 

Problem 6: 

While this problem has no zeros in it to make the addition easy, its regularity does, and, in any case, 
there is a pattern that emerges.  Again, I think the student is maybe less expected to "see the trick" 
rather than to just do the problem and see the pattern that emerges after the fact.  The important thing 
is to see the pattern and hopefully understand why it happens.  

1 1111 

×  1111 

1 1111 

11 1110 

111 1100 

1111 1000 

1234 4321 

A one keeps getting shifted out of the final sum in each column of the multiplication.  Thus, only in the 
middle does each one of the 11,111 contribute to the digit in the final product while fewer and fewer 
ones from the 11,111 can contribute to the digits that are on either end of the final product.  

  



Problem 8: 

Here again, we are solving a little math riddle that isn't just a random addition problem but one whose 
answer follows some pattern that might help us experience some of the structure of arithmetic.  The 
divisor goes into chunks of the dividend with no remainder if you actually perform the division using the 
long division algorithm.  But, one might readily enough observe, after doing the preceding problems, 
that you get the dividend by multiplying the divisor by some number with ones and zeros so as to shift 
the digits from the divisor in a manner that they do not have to actually be added to one another.  You 
will need to shift the three digit divisor over three places each time, and since it is repeated in the 
dividend three times, you will need to do this shift twice (or three times if you count not shifting at all as 
the first shifting of the digits).  So, with this in mind, let's do the analysis in previous problems 
backwards.  First, let's recall the vertical stack at the end of the problems of previous multiplications we 
have done and how it must look:  

? ? ? 

×  123 

123 

123 000 

123 000 000 

123 123 123 

What multiplication problem gives us this stack?  Our answer is ???= 1,001,001. To find it directly we 
can use the division algorithm as follows:  

  1 001 001 

    

123 123 123 123 

  123     

  0 123   

    123   

    0 123 

      123 

      0 

Problem 9: 

Following problem 8, the divisor goes into chunks of the dividend with no remainder if you actually 
perform the division using the long division algorithm.  But, again following the pattern of the preceding 
multiplication problems (and problem 8), you get the dividend by multiplying the divisor by some 
number with ones and zeros so as to shift the digits from the divisor in a manner that they do not have 
to actually be added to one another.  You will need to shift the now seven digit divisor over (this time) 
seven each time.  So, we will generally have a number consisting of ones separated by six zeros that we 
multiply by 1,111,111 to get the one hundred ones of the dividend.  



However, in this case there will be a remainder which means that the quotient won't give us all one 
hundred ones of the dividend.  If we imagine actually carrying out the long division, we might see that 
the quotient will multiply by the divisor to give you all the leading ones in batches of seven.  (The 
quotient will be something like "100000010000001 ȣ."  The first one in the quotient gets you the first 
seven ones in the dividend when you multiply the quotient by 1,111,111. The next one in the quotient 
gets you the next seven ones of the dividend. And, so on.)  So, there will be no remainder as long as 
seven evenly divides the number of ones in the dividend.  And, the remainder will be the result of seven 
not evenly going into the number of ones in the dividend.  

In particular, for a dividend consisting of one hundred ones, we get a quotient with fourteen ones in it 
each separated by six zeros and with a trailing two zeros (because 100 = 7 × 14 + 2). When we 
multiply the quotient with the divisor, we will get ninety-eight ones followed by two zeros which means 
that the remainder must be eleven to give us the one hundred ones of the divisor. To help us further 
visualize the arithmetic taking place, here is the stack for the multiplication of the quotient I describe 
above and the divisor (with some ellipses for space):  

1 0000001 0000001 ȣ ππππππρ  0000001 00 

× 1111111 

111111 00 

1111111 0000000 00 

ȣ 

1111111 ȣ 0000000 0000000 00 

1111111 0000000 ȣ 0000000 0000000 00 

1111111 0000000 0000000 ȣ 0000000 0000000 00 

1111111 1111111 1111111 ȣ 1111111 1111111 00 

Problem 10: 

This problem is actually partially solved in the question of the next problem.  Gelfand does some of the 
long division to show you that 1,000,000 ÷ 7 = 142,857r1 (with a remainder of one).  As we'll see in 
problem 11, because the remainder is one and the dividend is just a one followed by zeros in both cases, 
the quotient will continue to repeat.  In fact, every time we end up having to divide ten by seven in the 
division algorithm is precisely when our quotient will start repeating again.  Since we require six zeros to 
get back to a situation of dividing ten by seven, we will repeat the quotient three times because six goes 
into twenty three times with two left over. And, furthermore, in examining Gelfand's long division 
exhibit, we can see that the last two digits of the quotient will be one and four with a remainder of two. 
So, our quotient is: 14,285,714,285,714r2.  Or, in other words, 7 × 14,285,714,285,714 + 2 equals a 
one with twenty zeros behind it.  

Problem 11: 

The pattern will repeat because the periodicity starts and is caused by exactly the same thing every 
time.  In the case of dividing by seven, the pattern starts to repeat itself precisely when you end up 
dividing seven into ten again.  When this outcome occurs, you are essentially right back to dividing seven 
into a one with a bunch of zeros following it.  The case of dividing the hundred ones by 1,111,111 is 



even simpler ς everything else is repeating, so how could the quotient do anything but repeat?  The next 
digit in the quotient has to be zero until we have accumulated enough (seven) ones, in which case, it will 
always be exactly one and then return to zero on the digit after that.  

One interesting difference, though, between the two problems is what happens after the decimal.  In 
both cases, the divisor does not evenly divide the dividend.  In the case of dividing by seven, the pattern 
will continue to repeat beyond the decimal since nothing changes at the decimal in that particular 
problem.  On the other hand, in the case of the one hundred ones, the ones stop at the decimal and only 
zeros continue after that.  At that point, we will start to see a nontrivial set of digits popping up in the 
quotient rather than the repeating pattern we had been seeing.  

Problem 12: 

As discussed in problems 10 and 11, we will get a repeating pattern when dividing seven into these 
numbers.  (In fact, it can be proven in general that, at most, we get an infinitely repeating pattern in the 
decimal expansion of any fraction or so called "rational number" if not a terminating or finite decimal 
expansion.)  In these particular cases, the repetition will begin to occur whenever a remainder equal to 
the leading digit of the dividend occurs during the division algorithm.  

    2 8 5 7 1 4   ȣ 

7 2 0 0 0 0 0 0   ȣ 

  1 4                 

    6 0               

    5 6               

      4 0             

      3 5             

        5 0           

        4 9           

          1 0         

            7         

            3 0       

            2 8       

                    

                    

                    

                    

                   ȣ 

Observe that the moment we get a remainder of two, the whole thing starts all over again in the above 
division.  So, it goes for six zeros and then starts all over again on the seventh zero and then repeats 
itself for another six zeros and so on.  Thus, if we have twenty zeros, we will get three repetitions of the 
pattern with the first two elements in the pattern left over at the end: 28,571,428r5.  



If we carefully examine Gelfand's exhibit for problem 11 we can deduce that a three with a bunch of 
zeros divided by seven will result in a quotient with a repeating string of the same digits as the 
preceding two only starting at the four: 428,571.  And, if the dividend starts with four, the quotient will 
be of the same form only starting with the five: 571,428ΧΦ  Because one, two, three and four all appear 
as remainders somewhere in the division algorithm of the original problem, dividing seven into them will 
result in the same set of repeated digits only starting at the digit that corresponds to the particular 
remainder we use as the leading digit of our dividend.  In fact, if you carefully examine Gelfand's exhibit 
for problem 11 you might notice that every number from one to six appear as remainders somewhere. 
Why might that be?  At any rate, our question for this problem is answered.  

Problem 13:  

My wife chugged right past this problem never noticing the astonishing result!  Stare at this list until the 
plot unravels for you:  

1 ×  142,857 =  142,857 

2 ×  142,857 =  285,714 

3 ×  142,857 =  428,571 

4 ×  142,857 =  571,428 

5 ×  142,857 =  714,285 

6 ×  142,857 =  857,142 

Perhaps you noticed that each product consists of the very same digits, only in different permutations.  
Indeed, not just any permutation, but specifically a rotation through the digits in order starting from 
somewhere in the middle is what we get.  This number, 142,857, is called a cyclic number.  One way to 
see that this cyclical property must occur with multiplication is to observe that it occurs through division 
in the particular dividends we were looking at in the preceding problem.  Those dividends are just 
integral products of the original dividend we looked at (a one with a bunch of zeros behind it).  So, for 
instance, we know that a two with a bunch of zeros behind it must just be a cycle through the sequence 
142,857 starting somewhere in the middle.  Then, the product 2 × 142,857 must be a cycle through 

that sequence of digits since 2 × 142,857 = 2 × 1,000,000

7
1 = 1,000,000

7
2 is a cycle of the original 

sequence.  (Note that based on the previous problems, seven does not divide two million evenly, and in 
fact has a remainder of two, hence the "2" in the last expression.)  At any rate, Gelfand is probably just 
hoping that you notice that 142,857 is a cyclic number in this problem. 

Problem 14:  

These numbers aren't that easy to find by just casually doing some arithmetic; however, the next one 
appears to be seventeen:  

100,000,000,000,000,000 ÷  17 =   5,882,352,941,176,470 

200,000,000,000,000,000 ÷  17 =   1,176,470,588,235,294 

300,000,000,000,000,000 ÷  17 =   1,764,705,882,352,941 

.. . 



In general, the divisor will have to be prime, but just being prime is not sufficient.  Without going into 
any further detail on this intriguing idea, Math World (mathworld.wolfram.com) has a great discussion 
of it and related topics.  

Problem 15:  

We can quickly spot what this sequence is if we trŀƴǎƭŀǘŜ ǘƘŜ ōƛƴŀǊȅ ǘƻ ŘŜŎƛƳŀƭΧ  

Binary Decimal 

0 0 

1 1 

10 2 

11 3 

100 4 

101 5 

110 6 

111 7 

1000 8 

1001 9 

1010 10 

1011 11 

1100 12 

1101 13 

1110 14 

1111 15 

10000 16 

10001 17 

10010 18 

10011 19 

10100 20 

10101 21 

10110 22 

 
  



Problem 17:  

From problem 15Χ 

Decimal Binary 

14 1110 

16 10000 

 

Problem 18:  

Well, there are at least two ways to approach this problem. One is to count up to forty-five in binary 
which works similarly to counting in decimal just without as many digits.  You start incrementing the 
right most position until you run out of digits in which case the next position is incremented and the 
right most starts over.  If you run out of digits in the next position, then increment the position to the 
left of that and start the next position over and so on as necessary.  

Another way to approach this problem is essentially by using powers of two starting with the largest one 
less than forty-five.  So, the "tens place" in binary is actually the twos place.  The "hundreds place" is the 
fours place. The "thousands place" is the eights place.  (We just keep doubling each time, here, so your 
child doesn't have to understand exponentiation in its full generality to "get it".)  In the fifth spot is the 
sixteens place and the sixth spot ς what would normally be the hundred thousands place ς is the thirty-
seconds.  The next spot is the sixty-fours which is bigger than forty-five, so I will start my binary number 
with a one in the thiry-seconds spot as it must be less than 1,000,000.  That is, my binary number is 
something like 1?????.  Whatever digits I fill in these question marks with must represent a number 
equal to 45 32 = 13 because by putting the one in the thirty-seconds spot, I am saying that I have 
one thirty-second (just like a one in the one hundred thousands spot means one one hundred thousand 
in decimal).  

So, now I find the largest power of two less than thirteen which is two, four, eight, sixteen ς eight.  I 
must have a one in the thirty-seconds spot and then my next one is in the eight's spot with zeros filling 
everything in between.  Thus, my binary number now looks like 101???.  This binary number gets me 
one thirty-second and one eight which is a total of forty, leaving me five more to get.  The biggest power 
of two less than five is two, four, eight ς four.  So, I put a one in the fours place and zeros everywhere 
else to get 1011??.  Finally, one thirty-second, one eight and one four all total forty-four, leaving only 
one more to get me to forty-five which can be accomplished by making everything else zero except for 
the ones spot which will be one.  And so, forty-five in decimal is written in binary as 101101.  

Problem 19:  

Binary works just like decimal only instead of using powers of ten we just double each time to get to the 
next spot in the binary expansion.  So, the first digit is the ones spot and if there is a one there, we count 
a one otherwise we count nothing.  The next spot is the twos spot ς one doubled ς so that if there is a 
one there we count two and nothing if it is zero.   (There can be only a one or a zero.)  And, we continue 
the process through the entire binary expansion to see that 10101101 represents                                 
1 +  0 × 2 +  4 +  8 +  0 × 16 +  32 +  0 × 64 +  128 =   +  128 =  173 in decimal.  (Also, 



using the previous problem we can note that 10101101 =  10000000 +  101101 to help simplify our 
calculations.)  

Problem 20:  

These are just straight-up addition problems.  Remember that anything greater than a one in a given 
position requires you "carrying the one" to the next position.  

Binary 
 

Decimal 

1010 + 101 = 1111 (8+2) + (4+1) = (8+4+2+1)  10 + 5 = 15 

1111 + 1 = 10000 (8+4+2+1) + (1) = (16)  15 + 1 = 16 

1011 + 1 = 1100 (8+2+1) + (1) = (8+4)  11 + 1 = 12 

1111 + 1111 = 11110 (8+4+2+1) + (8+4+2+1) = (16+8+4+2)  15 + 15 = 30 

 

Problem 21:  

These are just straight-up subtraction problems.  You can borrow from the column to the left just exactly 
the same way you would in decimal if necessary.  

Binary 
 

Decimal 

1101  101 =  1000 (8 + 4 + 1)   (4 + 1)  =  (8) 13  5 =  8 

110  1 =  101 (4 + 2)   (1)  =  (4 + 1) 6  1 =  5 

1000  1 =  111 (8)   (1)  =  (4 + 2 + 1) 8  1 =  7 

Problem 22:  

Another ordinary arithmetic problem...  

Binary 
 

Decimal 

1101 8+4+1  13 

× 1010 8+2  × 10 

11010 
 

  

1101000 
 

  

10000010 128+2  130 

 

  



Problem 23:  

And now, a division problem to complete your primer on binary arithmetic: 
  

Binary  Decimal 

    1 01     5 
101 11 0 11   5 27 

  10 1       25 
    1 11     2 
    1 01       
      10       

 
Problem 24:  
 

Binary  Decimal 

  0.01 0 1 0. . .     0.3 3 . . . 
11 1.00 0 0 0. . .   3 1.0 0 . . . 

     11          9     
  1  0 0       1 0   
    1  1        9   
      1 0. . .       1 . . . 

Problem 25:  

I think by "try it" he means try mixing your coffee in the two different ways.  

Problem 28:  

899 +  1,343 +  101 =  
899 +  101 +  1,343 =  
899 +  1 +  100 +  1,343 =  

900 +  100 +  1,343 =  
1000 +  1,343 =  2,343 

Problem 29:  

37 ×  25 ×  4 =  37 ×  (25 ×  4)  =  37 ×  100 =  3,700  

Problem 30:  

125 ×  37 ×  8 =  
37 ×  125 ×  8 =  
37 ×  125 ×  4 ×  2 =  
37 ×  125 ×  2 ×  4 =  
37 ×  250 ×  4 =  
37 ×  1,000 =  
37,000 



Problem 31: 

This one is a zinger!  Assuming his example has all the ways to calculate 2 × 3 × 4 × 5, then you can 
know that 2 × 3 × 4 × 5 × 6 will have all those ways with (2 × 3 × 4 × 5)  plus all those ways again with 
(3 × 4 × 5 × 6) . That is:  

(((2 × 3) × 4) × 5) × 6 2 × (((3 × 4) × 5) × 6) 

((2 × (3 × 4)) × 5) × 6 2 × ((3 × (4 × 5)) × 6) 

((2 × 3) × (4 × 5)) × 6 2 × ((3 × 4) × (5 × 6)) 

(2 × ((3 × 4) × 5)) × 6 2 × (3 × ((4 × 5) × 6)) 

(2 × (3 × (4 × 5))) × 6 2 × (3 × (4 × (5 × 6))) 

Now, what we are missing is the ways to put in the parentheses where the first or last two numbers are 
associated with each other.  That is, where we are doing something like (2 × 3) × (4 × 5 × 6)  or 
(2 × 3 × 4) × (5 × 6)  and then subdividing from there.  Again we can exploit some symmetry:  

(2 × 3) × ((4 × 5) × 6) ((2 × 3) × 4) × (5 × 6) 

(2 × 3) × (4 × (5 × 6)) (2 × (3 × 4)) × (5 × 6) 

Now, let's take a second look at what we've done here. I've done all the combinations where the 2, 3, 4, 
and 5 are associated with each other and the 6 is all by itself.  In the second table, we have all the 
combinations where the 2, 3, and 4 are together in one group and the 5 and 6 are in another.  We have 
the symmetrical mirror image of that in the same table where 2 and 3 are in one group and 4, 5, and 6 
are in another.  Finally back in the first table we have the mirror image of the first grouping: 2 in a group 
by itself and the rest in their own group.  Or in other words, we have listed out all the possibilities in 
each partitioning of 2 × 3 × 4 × 5 × 6 into two partitions.  

So, given a string of multiplications from 2 up to any number, partition this string into two pieces.  For 
each way to do one partition, you must list out all the ways to do the other partition (which was easy for 
us in the above case because "the other partition" was always trivially done in one way).  You do the 
smaller partitions the same way you do the whole ς by partitioning them and listing out all the 
combinations.  Because partitioning always reduces the size of the sequence, we are guaranteed to 
(eventually) be able to list all the possibilities.  The above tables, then, contain all the possibilities for 
2 × 3 × 4 × 5 × 6 because they have all the partitionings and all the possibilities within each 
partitioning.   

Problem 32:  

This question is also a combinatorial question (like the last one).  It is a lot more doable for a young 
child.  The first two numbers are "free" in terms of requiring parentheses, but every number you add 
after that will cause you to put parentheses around some numbers to say just when that number gets 
multiplied. Thus, since there are 99 numbers here, you will need 99  2 =  97 sets of parentheses 
(which, I guess, is 2 ×  97 =  194 instances of a "(" or a ")") to completely specify the order of 
operations.  



Or, another way to look at it is that it is always the same number of parentheses for any grouping.  So, 
the number it will take is the same as if we do the first multiplication first, then multiply that product by 
the second, and so on, accumulating the product in order from left to right.  The way we specify such an 
order is to put parentheses around the 2 × 3 and then parentheses around the (2 × 3) × 4 and then 
around the ((2 × 3) × 4) × 5 and so on. So, I stick a ")" in between each number starting between the 

3 and the 4 and ending between the 99 and the 100.  This will give me 99  2 or 100 ɀ 3, depending 
on how you like to count it, right parentheses.  And, the rest follows. 

Problem 36:  

Every term must be multiplied by every other term because you distribute one group to each term of 
the other group and then distribute a given term of the other group to each term of the first group.  So, 
there will be 3 ×  5 =  15 terms:  

(ὥ+ ὦ+ ὧ+ Ὠ+ Ὡ)(ὼ+ ώ+ ᾀ)  =   
ὥ(ὼ+ ώ+ ᾀ)  +  ὦ(ὼ+ ώ+ ᾀ)  +  ὧ(ὼ+ ώ+ ᾀ)  +  Ὠ(ὼ+ ώ+ ᾀ)  +  Ὡ(ὼ+ ώ+ ᾀ)  =   
ὥὼ +  ὥώ +  ὥᾀ +  ὦὼ +  ὦώ +  ὦᾀ +  ὧὼ +  ὧώ +  ὧᾀ +  Ὠὼ +  Ὠώ +  Ὠᾀ +  Ὡὼ 

+  Ὡώ +  Ὡᾀ 

Problem 40:  

Using the hint,  

1  
10,001

10,002
=   

10,002

10,002
 
10,001

10,002
=   

10,0002 10,001

10,002
=   

1

10,002
 

And, by a similar argument  

1  
100,001

100,002
=   

100,002

100,002
 
100,001

100,002
=   

100,0002 100,001

100,002
=   

1

100,002
 

Following the immediately preceding paragraph in Gelfand, it is better to get 1 bottle for 10,002 than it 
is to get one bottle for 100,002 (since 100,002 >  10,002), so that  1

10,002
>  1

100 ,002
.  Now, applying 

similar logic (it works kind of like a double negative), if the distance from a number greater than them is 
greater for one than the other, then the number that is furthest away must be smaller.  (Yeah, go back 
and reread that one several times.)  Basically, 1

10,002
 is greater than 1

100 ,002
, so that 10,002

100 ,002
 is further away 

from 1 than 100 ,001

100 ,002
. Since they are both less than one, being closer to one means being further from zero 

so that 100 ,001

100 ,002
 is further from zero than 10,001

10,002
, so that 100 ,001

100 ,002
 0 >  10,001

10,002
 0 or 100 ,001

100 ,002
>  10,001

10,002
.  

Problem 41:  

We might surmise from the last problem that if you add equal amounts to the numerator and 
denominator of a fraction less than one (and greater than zero), then you will get a larger number than 
the original fraction.  I will just come out and assert that 12,346

54,322
 >  12,345

54,321
.  To check if it is true, subtract 

12,345

54,321
 from both sides and calculate the difference:  



12,346

54,322
 ҍ 

12,345

54,321
 =  

12,34+ 1

54,322
×

54,321

54,321
 ҍ 

12,345

54,321
×

54,322

54,322
 =  

(12,345+ 1)× 54,321 ɀ 12,345× 54,322

54,321× 54,322
 =  

12,345× 54,321+ 54,321 ɀ 12,345× (54,321+ 1)

54,321× 54,322
 = 

12,345× 54,321+ 54,321 ɀ 12,345× 54,321 ɀ 12,345

54,321× 54,322
 = 

54,321 ɀ 12,345

54,321× 54,322
 > 0  

because 54,321 >  12,345 (which, in general, is all that is required or that, in other words, the 
nonnegative fraction you are working with is less than one).  

That might be a lot of calculations to follow, but just to recap, I took the difference of the two fractions 
and saw whether it was greater or less than zero.  I did this by actually calculating the difference by 
finding a common denominator.  Also, I spared myself a lot of computational headaches by using the 
distributive law.  Once I determine if the difference is greater than or less than zero, then just by adding 
both sides by the second term of the difference, I establish which term is greater.  So, because 
12,346

54,322
 12,345

54,321
  turns out to be greater than zero, by adding 12,345

54,321
 to both sides of the inequality, I see that 

12,346

54,322
 12,345

54,321
> 0 implies that 12,346

54,322
 >  12,345

54,321
. 

Problem 42:  

Before we start this problem, let me first say that this whole problem is very difficult and it really sticks 
out like a sore thumb from the rest.  It has typos and, originally, I even thought part (c) was false.  And, it 
requires a great deal of formal manipulations to do, either way, which is a complete departure from the 
other problems.  Don't be too worried if your child (or you, for that matter) wasn't able to get it. 

For the parts I'm actually going to prove, I am going to make the simplifying assumption that we are 
dealing with non-negative fractions.  If we allow negative fractions, we start getting these problems like 
just what is ὥ+ὧ

ὦ+Ὠ
 anyway?  (You'll see that he makes a typo down in Part (b), below, by the way.)  Does the 

negative go with the ὥ or the ὦ if ὥ
ὦ
 is negative?  For instance, consider 1

3
 and 1

4
:                                      

4 · ( 1)   3 · ( 1)  =  3  4 =  1, so they are neighbors.  (And, this part will work out, in general, I 
think.)  And, if I'm not being difficult, then when I do part b to it, I'll get 2

7
 which is exactly what I should 

get.  But, if I am being recalcitrant, I could say that ὥ =  1, ὦ =  3, ὧ =  1 and Ὠ =  4, in which case 

I get ὥ+ὧ

ὦ+Ὠ
=  1+ ( 1)

2+ 4
= 0 which is not even between 1

3
 and 1

4
!  Rather than try to make sure that I 

formally stipulate the problem so that such outcomes cannot occur, let's just assume (without loss of 
generality) that we are only dealing with non-negative fractions.  

a) If ὥὨ  ὦὧ= 1, then ὥὨ= ὦὧ+ 1, adding ὦὧ to both sides of the equation.  Suppose that ὦ has 
a factor ὴ so that ὦ= ὴ·ή for some whole number ή> 1.  Then, ὥὨ= ὴήὧ+ 1.  Suppose ὴ 



divided ὥὨ, then we could write ὥὨ= ὴ·ὶ from some whole number ὶ> 1.  Then, we have 
that ὴὶ= ὴήὧ+ 1 or that 1 =  ὴὶ  ὴήὧ =  ὴ(ὶ  ήὧ) , using the distributive law.  Or, 

dividing both sides by ὶ ɀ ήὧ, we see that ὴ=  1

ὶ ήὧ
.  But, ὴ is a whole number greater than 1 

and ὶ  ήὧ is some sort of integer because ὶ, ή and ὧ are whole numbers so that 
1

ὶ ήὧ
 cannot 

be a whole number.  That's a contradiction, so we must reject the premise that ὴ divides ὥὨ.  
Or, in particular, if a whole number greater than 1 divides ὦ it cannot divide ὥ, and so ὥ

ὦ
 is in 

lowest terms.  

The proof goes almost exactly the same way if ὥὨ  ὦὧ=  1.  (In fact, ordinarily we would 
say "without loss of generality assume that ὥὨ  ὦὧ= 1" and leave out the case of ὥὨ 
 ὦὧ =  1.)  I am not sure how much detail we should be looking for here from a child ς almost 
surely not as much as I have provided.  The key is to see that ὥὨ= ὦὧ+ 1 implies that there 
cannot be common factors between ὥὨ and ὦὧ, and, in particular, such factors cannot exist 
between ὥ and ὦ or ὧ and Ὠ, respectively.  And, the reason this implication holds is because we 
are adding or subtracting .  Had we used a whole number greater than 1 (2 or more), then ὥ

ὦ
 

would not necessarily be reduced.  

b) First of all, I am pretty sure there is a typo.  The fraction in question is not ὥ+ὦ

ὧ+Ὠ
 but rather ὥ+ὧ

ὦ+Ὠ
.  For 

one thing, ὥ+ὦ

ὧ+Ὠ
  just doesn't work ς try 1

3
 and 1

4
.  They're neighbors 4 · 1  3 · 1 = 1, but they 

aren't neighbors to 4
5
 (5 · 1  3 · 4 =  7 and 5 · 1  4 · 4 =  9).  On the other hand, they 

are neighbors to 2

7
 (7 · 1  3 · 2 = 1 and 7 · 1  2 · 4 =  1).  Also, in the text, he had been 

discussing adding numerators to numerators and denominators to denominators immediately 
prior to the problem.  So, I think he meant to do that instead of add the numerator and the 
denominator of the same fraction to get the new numerator and then again from the other 
fraction to create the new denominator.  Also, the adding of the denominators (not the 
numerator and denominator of one of the fractions) is where we're ultimately headed.  I 
couldn't find it on Math World; however, neighbor fractions and combinatorial number theory is 
a real subject in math.  (I just never studied it at all, myself.)  Even correcting this typo, we 
encounter all sorts of problems that we need to address in the general case.  So, I am really 
going to start using, here, the simplifying assumptions I mention above.  

At any rate, let's just check to see if ὥ

ὦ
 and ὥ+ὧ

ὦ+Ὠ
 are neighbor fractions.  We have:  

ὥ(ὦ+ Ὠ)   ὦ(ὥ+ ὧ)  =  ὥὦ+ ὥὨ  ὦὥ  ὦὧ =  ὥὨ  ὦὧ  

and  

ὧ(ὦ+ Ὠ)   Ὠ(ὥ+ ὧ)  =  ὧὦ+ ὧὨ  Ὠὥ  Ὠὧ =  ὧὦ  Ὠὥ =  (ὥὨ  ὦὧ)  

Since ὥ
ὦ
 and ὧ

Ὠ
 are neighbor fractions (i.e. ὥὨ  ὦὧ is plus or minus one), then the preceding 

calculations result in plus or minus one and so ὥ+ὧ

ὦ+Ὠ
 is a neighbor to both ὥ

ὦ
 and ὧ

Ὠ
.  Furthermore, 

the numerator of one difference is just the negative of the numerator of the other difference.  
This fact implies that ὥ+ὧ

ὦ+Ὠ
 is between the two if you stare at this webpage for long enough and 

think about it real hard.  (Normally, this is where we just boldly say "Clearly,....")  Actually, if 
ὥ

ὦ

ὥ+ὧ

ὦ+Ὠ
 is positive then ὧ

Ὠ

ὥ+ὧ

ὦ+Ὠ
 is negative, and conversely, so that: ὥ

ὦ
> ὥ+ὧ

ὦ+Ὠ
  whenever ὧ

Ὠ
< ὥ+ὧ

ὦ+Ὠ
 



and/or ὥ
ὦ

< ὥ+ὧ

ὦ+Ὠ
 whenever ὧ

Ὠ
> ὥ+ὧ

ὦ+Ὠ
.  Or, ὥ+ὧ

ὦ+Ὠ
 is between ὥ

ὦ
 and ὧ

Ὠ
 (so long as they are non-negative 

fractions).  

c) First of all, looking back at the previous section, we know that the fraction ὥ+ὧ

ὦ+Ὠ
 lies in between 

and is a neighbor to both ὥ
ὦ
 and ὧ

Ὠ
.  Or, in particular, ὥ+ὧ

ὦ+Ὠ

ὥ

ὦ
= 1

ὦ(ὦ+Ὠ)
 and ὧ

Ὠ

ὥ+ὧ

ὦ+Ὠ
= 1

Ὠ(ὦ+Ὠ)
.  Now 

what if you had a fraction Ὡ
Ὢ
 so that ὥ

ὦ
< Ὡ

Ὢ
< ὧ

Ὠ
?  Either Ὡ

Ὢ
< ὥ+ὧ

ὦ+Ὠ
, ὥ+ὧ

ὦ+Ὠ
< Ὡ

Ὢ
, or they are the same.  If 

they are the same, then Ὢ =  ὦ+ Ὠ and Ὡ
Ὢ
 cannot be reduced since it is a neighbor, so that Ὢ is 

not less than ὦ+ Ὠ.  (In other words, what weΩre proving would be true in that case.)  Suppose 
Ὡ

Ὢ
< ὥ+ὧ

ὦ+Ὠ
. Then Ὡ

Ὢ

ὥ

ὦ
< ὥ+ὧ

ὦ+Ὠ

ὥ

ὦ
.  That is, using part (b) above, Ὡὦ ὥὪ

Ὢὦ
< 1

ὦ(ὦ+Ὠ)
.  Finally, multiply by 

Ὢὦ(ὦ+ Ὠ)  to get that (Ὡὦ ὥὪ)(ὦ+ Ὠ) <  Ὢ.  Since, ὥ
ὦ

< Ὡ

Ὢ
, 1 <  Ὡὦ ὥὪ, and so 1 × (ὦ+

Ὠ)  <  (Ὡὦ ὥὪ)(ὦ+ Ὠ) <  Ὢ.  Lǘ ŀƭƭ ǎŜŜƳǎ ǎƻ ǎƛƳǇƭŜ ƴƻǿΧ ŎƭŜŀǊƭȅΧΦ 

The trick, here (for me, at any rate), was to look at the distances.  The denominator required for 
the fraction is related to its distance from these neighbor fractions.  As I recall, I was thinking in 
these terms originally but then must have gotten distracted somehow.  Hey, if your child is 
thinking like this, though, I think he is born to do math.  To be able to look past the formulas and 
see reality is a rare talent, indeed. 

Problem 44:  

They are exactly the same: 5% of 7,000,000,000 is  

(5/ 100) × 7,000,000,000 =  
(5 × 7,000,000,000)/ 100 =   
(5 × 7 × 1,000,000,000)/ 100 =   
(7 × 5 × 1,000,000,000)/ 100 =   
(7 × 5,000,000,000)/ 100 =   
(7/ 100) ×  5,000,000,000 

which is 7% of 5,000,000,000.  

Problem 46:  

a) Well, we already know that 26  =  64.  We just need to multiply by 2 a few more times to get, 

128, 256, 512, 1,024... 210  =  1,024.  

b) This is the decimal system! Just put the number of zeros behind a 1 that match the number 
displayed as the power: 103  =  1,000. 

c) Again, if 10 is raised to the 7th power, then you put seven zeros behind a one:                      
107  =  10,000,000.  

Problem 47:  

In decimal, each number in a sequence represents the number of some particular power of ten.  So, in 

the number 1,234, the 2 represents 2 of 102s, and you just add them up:  



1,234 =  1 × 103  +  2 × 102  +  3 × 101  +  4 × 100  

So, to write down 101,000  as a string of digits in decimal notation, you have none of a given power of ten 
except for the one of ten raised to the thousand.  So, it is a 1 for that power, followed by all zeros for all 
the powers leading up to it, or a 1 for the 1,000th power and zeros following the one for each of the 0th 
through the 999th power.  That's one thousand zeros and one 1, or 1,001 digits.  

Problem 48:  

Hopefully, you learned how to do units in previous arithmetic classes (or science, even).  You must do a 
standard conversion:  

4 light-years =  4 ×  3 × 108 
m

s
×  1 year =   

4 ×  3 × 108 m ×  
1 year

1 sec
 ×  

365 Ὠays

1 year
 ×  

24 hours

1 day
 ×

60 min

1 hour
  ×  

60 sec

1 min
 

Rearranging the terms, we can get the units of time to all cancel each other and end with a unitless 
number times some number of meters. Multiplying out the numbers gives us the distance in meters:  

4 ×  3 × 108  m ×
1 × 365 × 24 × 60 × 60

1 × 1 × 1 × 1 × 1
=  

378,432,000 × 108  m =  3.78432 × 1016  m. 

Problem 49:  

a) As we saw earlier 210  =  1,024 which is the product of 2 with itself ten times.  We can multiply 
that product by itself to get two multiplied by itself 20 times. And so, 210  =  1,024 × 1,024 =
1,048,576 (if we just do it long hand).  So, you will need 7 digits.  

b) We'll have to be a little more clever with 2100 .  We have 210  =  1,024 = 103 + 24.  If we 

multiply this by itself 10 times to get 2100 = (210)10 = (103 + 24)10.  The 24 will certainly add 
to the product, but (again, through the tried and true method of just staring at the screen really 
hard) we can see that the powers of 103 are always going to be much greater than any powers 
of 24 and any cross terms with lower powers of 103.  Or, in other words, we should get the 

same number of digits as are in (103)10 = 1030  which has 1 +  30 =  31 digits.  

  



c)  

 

Problem 50:  

Hopefully, we already know how to do this.  We write a 1 with a slash and then the decimal 
representation of the number raised to the positive power (negate the negative).  

a) 10 1 =  1/ 101  =  1/ 10  

b) 10 2  =  1/ 102  =  1/ 100  

c) 10 3  =  1/ 103  =  1/ 1,000  

Problem 51:  

Yes.  For ὲ= 0, ὥ0 = 1 = 1

1
= 1

ὥ0 = ὥ 0.  Let's just take-in for one moment what I just did here.  I did not 

just assume that I knew what ὥ0 meant or even that 0 =  0 or anything like that (although, the latter 
statement is true and I could have tried something like that, but it would only work with zero).  I use the 
definition Gelfand just gave and as directly (and as soon) as possible.  It is very common for someone 
with no experience proving things mathematically to encounter an assertion and have no idea what to 
do to prove it or even why it needs to be proven and/or whether its proof is trivial or not.  When you 
draw a blank like that, looking at some statement, return to the definitions of the objects discussed in 
the statement.  Be real "stupid" about it and take the definition as literally as you can.  


