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Here are my solutions to as well as brief explanations of some of the probledgébraby I. M.
Gelfand and A. ShenSome problems worth noting are 166 to prove that a polyna of degreet is
determined by¢ + 1 of its values, problems 266 & 227 to prove that the square roots of two and three
are irrational, problem 300 to prove the essence of the fact that the Harmonic Series diverges, problem
323 to prove the arithmetic mean is greatdrain the geometric mean, and problem 342 to prove that
the arithmetic mean is greater than the geometric mean is greater than the harmonic mean.
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Problem 3:

The boy just has to copy the digits of the three digit number domine in sequence to get the resulting
product: 715,715. The first one in,001 moves the digits of the three digit numbehree to the left in
the resulting product so that they do not have to be added to the digits ctelhtethe second one in the
1,001.

Problem 4:

Again, you can just cogifty-sevendown in sequence several times to get the ansviers7,575,757.

The ones 01,010,101 are placed so that they would put the digits of any two digit number into spots
in the resulting product where theglon't have to be added to any other digits, so you can just start
copying them down in sequence to get the protdudut, even if you didn't do that in this case, you
should quickly see that it works out that way as you carry out the additidare is tle stack created
when multiplying the numbers:



101010101
x 57

57

5700
570000
57000000

57 00 00 00 00
57 57 57 57 57

Problem 5:

Similar to the previous problems, the placement of ones and zeros makes the addition and
multiplication easie than it might otherwise be, and more importty, there is a pattern to it.l think,

in this caseyou are probably just supposed to carry out the multiplication as opptsduting able to

spot a trick. Here is the stack:

1020304050

x 10001
1020304050

1020 30 40 50 00 00
10204060 80 40 50

Problem 6:

While this problem has no zeros in it to make the addition easy, its regularity doesinaady case
there is a pattern that emergesAgain, | think the student is maybe less expdcte "see the trick"
rather than to just do the problem and see the pattern that emerges after the fabe important thing
is to see the pattern and hopefully understand why it happens.

11111

x 1111
11111
111110
111 1100
1111 1000
1234 4321

A one keeps getting shifted out of the final sum in eamlumn of the multiplication.Thus, only in the
middle does each one of th¥1,111 contribute to the digit in the final product while fewer and fewer
ones from thell,111 can contribute to the digitthat are on either end of the final product.



Problem 8:

Here againwe are solving a little math riddle that isn't just a random addition problem but one whose
answer follows some pattern that might help us experience some of the structure of arithniEtie
divisor goes into chunks of the dividend with no remainder if you actually perform the division using the
long division algorithm.But, one might readily enough obsenefter doing the preceding problems
that you get the dividend by multiplyindpe divisor by some number with ones and zeros so as to shift
the digits from the divisor in a manner that they do not have ttually be added to one anotherYou

will need to shift the three digit divisor over thrggdaceseach time and since it is nqeeated in the
dividend three timesyou will need to do this shift twice (or three times if you count not shifting at all as
the first shifting of the digits). So, with this in mind, let's do the analysis previous problems
backwards.First, let's rech the vertical stack at the end of the problems of previous multiplications we
have done and how it must look:

??7?

x 123

123

123 000

123 000 000
123123123

What multiplicaton problem gives us this stackQur answer i2??= 1,001,001. To find i directly we
can use the division algorithm as follows:

1001 001

123123 123 123

123
0123
123
0123
123
0

Problem 9:

Following problem 8, the divisor goes into chunks of the dividend with no remaindeuifagtually
perform the division usig the long division algorithmBut, again following the pattern of the preceding
multiplication problems (and problem 8), you get the dividend by multiplying the divisor by some
number with ones and zeros so as to sk digits from the divisor in a manner that they do not have
to adually be added to one anotherYou will need to shift the nowevendigit divisor over (this time)
seveneach time. So, we will generally have a number consisting of ones separatsik bgros that we
multiply by 1,111,111 to get the one hundred ones of the dividend.



However, in this case there will be a remainder which means that the quotient won't give us all one
hundred ones of the dividendlf we imagine actually carrying out theng division, we might see that

the quotient will multiply by the divisor to give you all the leading ones in batches of se{/Eme
quotient will be something likeI00000010000001 8 ." The first one in the quotient gets you the first
seven ones in theividend when you multiply the quotient b;111,111. The next one in the quotient
gets you the next sevennes of the dividend. And, so on$o, there will be no remainder as long as
seven evenly divides the number of ones in the divideAdd, the remader will be the result of seven

not evenly going into the number of ones in the dividend.

In particular, for a dividend consisting of one hundred ones, we get a quotientfadtieen ones in it
each separated byix zeros and with a trailindwo zeros (becausel00 = 7 x 14 + 2). When we
multiply the quotient with the divisor, we will getinety-eightones followed by two zeros which means
that the remainder must belevento give us the one hundred ones of the divisor. To help us further
visualize the arithmiéc taking place, here is the stack for the multiplication of the quotient | describe
above and the divisor (with some ellipses for space):

1 0000001 00000018 Tt 1t 1T TOGOGOPL OO
x 1111111

111111 00

1111111 0000000 00

8

1111111 8 0000000 0000000 O

1111111 00000008 0000000 0000000 00
1111111 0000000 00000008 0000000 0000000 00
11112111 12111111 112111118 11121111 1111111 00

Problem 10:

This problem is actually partially solved irethuestion of the next problemGelfand does some of the
long dvision to show you thafi, 000,000 + 7 = 142,857r1 (with a remainder of ong As we'll see in
problem 11, because the remainder is one and the dividend is jase#ollowed by zeros in both cases,
the quotient will continue to repeat.In fact, every time w end up having to dividen by severin the
division algorithm is precisely when our quarit will start repeating againSince we requirgixzeros to
get back to a situation of dividirtgn by sevenwe will repeat the quotienthree times becaussixgoes
into twenty three times withtwo left over. And, furthermore, in examining Gelfand's long division
exhibit, we can see that the last two digits of the quotient willdre andfour with a remainder otwo.

So, our quotient is14,285,714,285,714r2. Or, in other words,7 x 14,285,714,285,714 + 2 equals a
onewith twenty zeros behind it.

Problem 11:

The pattern will repeat because the periodicity starts and is caused by exactly the same thing every
time. In the case of dividing byeven the pattern stats to repeat itself precisely when you end up
dividingseven into ten againWhen this outcome occurs, you are essentially right back to divairgn

into a onewith a bunch of eros following it. fe case of dividing the hundred ones byt11,111 is



even simplerg everythingelse is repeating, so how could the quotient do anything but repéeitte next
digit in the quotient has to be zero until we have accumulated enosghig) ones in which casegit will
always be exactly one and then return to zemothe digit after that.

One interesting difference, though, between the two problemsvigat happens after the decimalln

both cases, the divisor does not evenly divide the divideimdthe case of dividing bseven the pattern

will continue to repat beyond the decimal since nothing changes at the decimal in that particular
problem. On the other hand, in the case of the one hundred ones, the ones stop at the decimal and only
zeros continue after that.At that point, we will start to see a nontradi set of digits popping up in the
guotient rather than the repeating pattern we had been seeing.

Problem 12:

As discussed in problems 10 and 11, we will get a repeating pattern when digiglieginto these
numbers. (In fact, it can be proven in genéihat, at most we get an infinitely repeating pattern in the
decimal expansion of any fraction or so called "rational number" if not a terminating or finite decimal
expansion.)In these particular cases, the repetition will begin to occur whenever aiter equal to

the leading digit of the dividend occurs during the division algorithm.

285714 8
72000000 8
&

60

56

40
35
50
49
10
7
30
28

8

Observe that the moment we get a remaindertao, the whole thing starts all @r again in the above
division. So, it goes fosix zeros and then starts all over again on the seventh zero and then repeats
itself for another six zeros and so oifihus, if we havéwenty zeros, we will gethree repetitions of the
pattern with the first two elements in th pattern left over at the end28,571,428r5.



If we carefully examine Gelfand's exhibit for problem 11 we can deduce that a three with a bunch of
zeros divided bysevenwill result in a quotient with a repeating string of the same digits as the
precedingtwo only starting at the four428,571. And, if the dividend starts with four, the quotient will

be of the same form only starting with the fivE71,428X dBecause one, two, three and four all appear

as remainders somewhere in the division algorithmha original problem, dividing seven into them will
result in the same set of repeated digits only starting at the digit that corresponds to the particular
remainder we use as the leading digit of our dividemal fact, if you carefully examine Gelfandhébit

for problem 11 you might notice that every number from one to six appear as remainders somewhere.
Why might that be?At any rate, our question for this problem is answered.

Problem 13:

My wife chugged right past this problem nevesticing the atonishing result! Stare at this list until the
plot unravels for you:

1 x 142857 = 142,857
2 x 142857 = 285,714
3 x 142857 = 428,571
4 x 142,857 = 571,428
5 x 142857 = 714,285
6 x 142857 = 857,142

Perhaps you noticed that each product consistthe very same digitonly in different permutations.
Indeed, not just any permutation, but specifically a rotation through the digits in order starting from
somewhere in the middle is what we gethis number142 857, is called a cyclic numbeOnre way to

see that this cyclical property mustourwith multiplication is to observe that itazuis through division

in the particular dividends we were looking at in the preceding problefose dividends are just
integral products of the original divéeshd we looked at (a one with a bunch of zeros behind &, for
instance, we know that a two with a bunch of zeros behind it must just be a cycle through the sequence
142,857 starting somewhere in the middleThen, the product x 142 857 must be a cyclehrough

that sequence of digits sinc2x 142,857 = 2 x 19090 1 = 1080 2 js 3 cycle of the original
sequence.(Note that based on the previous problems, seven does not divide two million evenly, and in
fact has a remainder of two, hence the 2" in the last expression.At any rate, Gelfand is probablysit
hoping that you notice thal42,857 is a cyclic number in this problem.

Problem 14:

These numbers aren't that easy to find by just casually doing some arithmetic; however, the next one
appears to beseventeen

100,000,000,000,000,000 + 17 = 5,882,352,941,176,470
200,000,000,000,000,000 + 17 = 1,176,470,588,235,294
300,000,000,000,000,000 + 17 = 1,764,705,882,352,941



In general, the divisor will have to be prime, but just being prime is not sufficifithout going into
any further detdi on this intriguing idea, Math Worl@inathworld.wolfram.com has a great discussion

of it and related topics.

Problem 15:

We can quickly spot what this sequence isifweyra f | G S

Binary| Decima

0
1
10
11
100
101
110
111
1000
1001
1010
1011
1100
1101
1110
1111
10000
10001
10010
10011
10100
10101
10110
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Problem 17:

From problem 1X

Decima |Binary
14 1110
16 10000

Problem 18:

Well, there are aleast two ways to approach this problem. One is to count ufotty-five in binary
which works similarly to counting in decinjust without as many digitsYou start incrementing the
right most position until you run out of digits in which case thetngosition is incremented and the
right most starts over.If you run out of digits in the next position, then increment the position to the
left of that and start the next position over and so on as necessary.

Another way to approach this problem is esially by using powers of two starting with the largest one
less tharforty-five. So, the "tens place" in binary is actually the twos platke "hundreds place" is the
fours place. The "thousands place" is the eights plg®®e just keep doubling ehdime, here, so your
child doesn't have to understand exponentiation in its full generality to "get iti.}he fifth spot is the
sixteers place and the sixth spgtwhat would normally be thdéaundredthousandsplacec is thethirty-
second. The next pot isthe sixtyfours which is bigger thaforty-five, so | will start my binary number
with a onein the thiry-second spot as it must be less thdn000,000. That is, my binary number is

equal to45 32 = 13 because by putting the one in thhirty-second spot, | am saying that | have
onethirty-second(just like a one irthe onehundredthousands spot means one oheindredthousand
in decimal).

So, now | find the largest power of two less thirteen which is two, four, eight, sixteeq eight. |

must have aonein the thirty-second spot and then my next one is in the eight's spot with zeros filling
everything in between.Thus, my binary number now looks lik81?7??. This binary number gets me
onethirty-secondand one eight which is a total &rty, leaving me five more to gefThe biggest power

of two less than five is two, four, eightfour. So, | put aonein the fours place and zeros everywhere
else to getl011??. Finally, onehirty-second one eight and one four all totébrty-four, leaving only

one more to get me tdorty-five which can be accomplished by making everything else zero except for
the ones spot which will be onéAnd soforty-five in decimaliswritten in binary ast01101.

Problem 19:

Binary works just like decimal only instead of using powers of ten we just double each time to get to the
next spot in the binary expansio So, the first digit is the ones spot and if there is a one there, we count
aone otherwise wecount nothing. The next spot is the twos spqtone doubledg so that if there is a
onetherewe count two and nothing if it is zero(Thee can be only a one or a zercAnd, we continue

the process through the entire binary expansion to see th&a0101101 represents
1+0x2+ 4+ 8+ 0x16+ 32+ 0x64 + 128 = + 128 = 173 in decimal. (Also,



using the previous problem we can note tH#101101 = 10000000 + 101101 to help simplify our
calculations.)

Problem 20:

These are just straightp addition problems. Remember that anything greater thancae in a gven
position requires you "carrying the one" to the next position.

Binary Decimal
1010+ 101 = 1111 (8+2) + (4+1) = (8+4+2+1) 10+5=15
1111+ 1= 10000 (8+4+2+1) + (1) = (16) 15+1=16
1011+ 1=1100 (8+2+1) + (1) = (8+4) 11+1=12
1111+ 1111= 11110 (8+4+2+1) + (8+4+2+1) = (16+8+4+2) 15+15=30
Problem 21:

These are just stightup subtraction problemsYou can borrow from the column to the left just exactly
the same way you would in decimal if necessary.

Binary Decimal
1101 101 = 1000 (8+4+1) (4+1) = (8 13 5=28
110 1 = 101 4+2) (1) =(4+1 6 1=5
1000 1 = 111 (8 (1) =(4+2+1) 8 1=17

Problem 22:

Another ordinary arithmetic problem...

Binary Decimal
1101 | 8+4+1 13
x 1010 | 8+2 x 10
11010
1101000
10000010 | 128+2 130




Problem 23:

And now, a division problem to complete your primer on binary arithmetic:

Binary | Decimal
101 5
101[11011 527
101 25
111 2
101]
10
Problem 24:
Binary Decima
0.01010. . 0.33..
11/1.00000. .| 31.00. .
‘u 9
1 00 10
11 9
10. . 1..
Problem 25:

| think by "try it" he means try mixing your coffee in the tdifferent ways.

Problem 28:

899 + 1343 + 101 =

899 + 101 + 1,343 =

899 + 1 + 100 + 1,343 =
900 + 100 + 1,343 =
1000 + 1,343 = 2,343

Problem 29:

37 x 25 x 4 = 37 x (25 x 4) = 37 x 100 = 3,700

Problem 30:
125 x 37 x 8 =
37 x 125 x 8 =
37 x 125 x 4 x 2 =
37 x 125 x 2 x 4 =
37 x 250 x 4 =
37 x 1,000 =

37,000



Problem 31:

This one is a zingerAssuming his example has all the ways to calcu®ate3 x 4 x 5, then you can
know that2 x 3 x 4 x 5 x 6 will have all those ways witf2 x 3 x 4 x 5) plus all those waysgain with
(3% 4x5x6). Thatis:

(((2x 3) x 4) x 5) x 62 x (((3x 4) x 5) x 6)
(2% (3% 4)) x5)x62x ((3%(4x5))x 6)
((2x3) x (4% 5)) x 62x ((3x 4) x (5% 6))
(2% ((3x 4)x5))x62x (3% ((4x5)x6))
(2% (3% (4%x5)))x62x (3% (4% (5x6)))

Now, what we are missing is the ways to put in the parergseshere the first or last two numbers are
associated with each other.That is, where we are doing something lik2x 3) x (4x 5x 6) or
(2 x 3x 4) x (5x 6) and then subdividing from thereAgain we can exploit some symmetry:

(2% 3) x (4% 5) x 6) (2% 3) x 4) x (5 6)
(2% 3) x (4% (5% 6)) (2% (3% 4)) x (5 6)

Now, let's take a second look at what we've done here. I've done all the combinations whetg3the
and 5 are associated with each other and tlgeis all by itself. In the second table, we have all the
combinations where th 2, 3, and4 are together in one group and theand6 are in another.We have
the symmetrical mirror image of that in the same table whé@rand 3 are in one group and, 5, and6

are in another.Finally back in the first table we have the mirror imadehe first grouping2 in a group

by itself and the rest in their own groupOr in other words, we have listed out all the possibilities in
eachpartitioningof 2 x 3 x 4 x 5 x 6 into two partitions.

So, given a string of multiplications fro2nup to any numier, partition this string into two pieceskor

each way to do one patrtition, you must list out all the ways to do the other partition (which was easy for
us in the above case because "the other partition" was always trivially done in one Way)do the
smaller partitions the same way you do the whajeby partitioning them and listing out all the
combinations. Because partitioning always reduces the size of the sequence, we are guaranteed to
(eventually) be able to list all the possibilitie3he aboe tables, then, contain all the possibilities for

2x 3x 4x5x 6 because they have all the partitionings and all the possibilities within each
partitioning.

Problem 32:

This question is also a combinatorial questione(like last one). It is a lot more doble for a young

child. The first two numbers are "free" in terms of requiring parentheses, but every number you add
after that will cause you to put parentheses around some numbers to say just when that number gets
multiplied. Thus, since there ai@ numbers here, you will nee®9 2 = 97 sets of parentheses
(which, | guessis 2 x 97 = 194 instances of a (" or a ")") to completely specify the order of
operations.



Or, another way to look at it is that it is always the same number of parentheses for any grogang.
the numbe it will take is the same as if we do the first multiplication first, then multiply that product by
the second, and so on, accumulating the product in order from left to righte way we specify such an
order is to put parentheses around tl&x 3 and then parentheses around thé2 x 3) x 4 and then
around the((2 x 3) x 4) x 5and so on. So, | stick &"in between each number starting between the
3 and the4 and ending between th89 and the100. This will give m&9 2 or 100 z 3, depending

on how you like to count jright parentreses. And, the rest follows.

Problem 36:

Every term must be multiplied by every other term because you distribute one group to each term of
the other group and then distribute a givéerm of the other group ¢ each term of the first groupSo,
there willbe3 x 5 = 15terms:

(O+ O+ QO+ Q+ Q(b+ o+ ) =
Qo+ GF @) + G+ O+ Q) + dor O+ @) + Qo+ o+ @) + Yo+ O+ §) =
D+ O+ X+ + W+ G+ v+ W+ o+ Qo+ Qo+ U+

+ Qo+ Qx
Problem 40:
Using the hint,
10,001 _ 10,002 10,001 10,0002 10,001 _ 1
10,002~ 10,002 10,002 10,002 ~ 10,002
And, by a similar argument
100,001 100,002 100,001 ~ 100,0002 100,001 _ 1
100,002 100,002 100,002 100,002 ~ 100,002

Following the immediately preceding paragraprG@alfand it is better to getl bottle for 10,002 than it
is to get one bottle forl00,002 (since 100,002 > 10,002), so that —=_ > —1__ Now, applying

10,002 100,002°
similar logic (it works kind of like a double negative), if the distance from a number greater than them is

greater for one than the other, then the number that is furthest away must be smal¥eah, go back

H H 1 H 1 10,002 ;
and reread that one several timesBasically555; is greater thang s, so thatz 5 is further away

from 1 than%. Since they are both less than one, being closer to one means being further from zero

100,001 ; 0,001 100,001 10,001 100,001 10,001
o] thatlooy002 is furtherfrom zero thar%oyooz, SO thatloo‘002 0> 10002 Oor 100002 > 10002"

Problem 41:

We might surmise from the last problem that if you add equal amounts to the numerator and
denominator of a fragbn less than one (and greater than zero), then you will get a larger number than
the original fraction. | will just come out and assert thgt>> > 2>° To check if ifs true, subtract

54.321°
éjg‘z‘f from both sides and deulate the difference:




12,346 , 12,345 _
54322 54,321

1234+1 % 54,321 ; 12,345 % 54322 _
54,322 54321 54321 54322

(12,345+1)x 54,321 7 12,345x 54,322 _
54,321x 54,322 -

12,345x 54,321+ 54,321 7 12,345 (54,321+1) _
54,321x 54,322 -

12,345x54,321+54,321 7 12,345x 54,321 7 12,345 _
54,321x 54,322 -

54,321 712,345 >0
54,321x 54,322

because54,321 > 12,345 (which, in general, is all that is required or that, in other words, the
nonnegative fraction you are working with is less than one).

That might be a lot of calculations to followythjust to recap | took the difference of the two fractions

and saw whether it was greater or less than zetodid this by actually calculating the difference by
finding a common denominatorAlso, | spared myself a lot of computational headaches hyguhe
distributive law. Once | determine if the difference is greater than or less than zero, then just by adding
both sides by the second term of the difference, | establish which term is gredBer. because
Sio 5109 LUMNS out to be greater than zero, by addiffg;> to both sides of the inequality see that

54 322 54 321

12,346 12,345 H H 12,346 12,345
D b > y > y
54322 54321 0 Implles that54 322 54321°

Problem 42:

Before we start this problem, let me first sayattthis whole problem is very difficult and it really sticks
out like a sore thumb from the resit has typos and, originally, | even thought part (c) was fafse, it
requires a great deal of formal manipulations to do, either way, which is a coengdgiarture from the
other problems.Don't be too worried if your child (or you, for that matter) wasn't able to get it.

For the parts I'm actually going to prove, | am going to make the simplifying assumption that we are
dealing with nonnegative fractims. If we allow negative fractionswe start getting these problems like

just what is-',io“:—g’anyway? (You'll see that he makes a typo down in Rhit below, by the way.Does the

negative go withthe & or the @ if g is regative? Fa instance, consider % and ;11:

4.-( 1) 3-( 1 =3 4= 1,sotheyareneighborsAnd, this part will work oytin general, |
think.) And, if I'm not being difficult, then when | do part b to it, ¢jit §Which is exactly what | should
get. But, if | am being recalcitrant, | could say tdat 1, ®= 3,0= 1andQ = 4,in which case

I getg—g’z {2 = 0 which is not even between 1 and ;! Rather than ty to make sure that |

4
formally stipulate the problem so that such outcomes cannot occur, let's just assume (without loss of

generality) that we are only dealing with naoregative fractions.

a) Ifé b= 1, thend= @+ 1, addingdidto both sides othe equation. Suppose thatohas
a factorn so thatw= n -} for some whole number) > 1. Then,Q= Nw+ 1. Suppose



divided 6X then we could writedX2= nj -1 from some whole number > 1. Then, we have
that i = AR+ 1 or that 1 = i ARw= /(i W, using the distributive law. Or,
dividing both sides by z n& we see thaty = .. But,1jis a whole number greater thah

i nw
\ , 7. . o 7 1
andi Nwis some sort of integer becausen and ware whole numbers so thalt{—r,]&)cannot

be a whole number.That's a contradiction, so we must reject the premise thaiividgsd'n
Or, in particular, if a whole number greater thandivideswit cannot divided and sog is in

lowest terms.

The proof goes almost ex#gtthe same way i€ cw= 1. (In fact, ordinarily we would
say "without loss of generality assume th&@f c¢xo= 1" and leave out the case afQ
= 1.) | am not sure how much detail we should be looking for here feochild ¢ almost
surely not as much as | have provide@he key is to see thafQ= cxo+ 1 implies that there
cannot be common factors betweediQ and ¢xy and, in particular, such factors cannot exist
between dand dor GandQ, respectively.And, the reason this iplication holds is because we
are adding or subtracting. Had we used a whole number greater thar{2 or more), theng

would not necessarily be reduced.

First of all, | am pretty sure there is a typbhe fraction in question is n%—gbut ratheri.!u‘*;*—,fz’. For

one thing,é*“’*—,;*;’ just doesn't workg try ; and;. They're neighborgt-1  3-1= 1, but they
aren't neighbors to:_)1 5-1 3-4= 7and5-1 4-4= 9). On the other hand, they
are neighborgo % (7-1 3-2=1and7-1 2-4 = 1). Also, in the texthe had been
discussing adding numerators to numerators and denominators to denominators immediately
prior to the problem. So, | think he meant to do that instead of add the numerator and the
denominator of the same fraction to get the new numerator and then again from the other
fraction to create the new denominator.Also, the adding of the denominators (not the
numerator and denominator of one of the fractions) is where we're ultimatelydeda |
couldn't find it on Math World; however, neighbor fractions and combinatorial number theory is
a real subject in math.(l just never studied it at all, myself.Even correcting this typo, we
encounter all sorts of problems that we need to addr@sshe general case.So, | am really
going to start usinghere, the simplifying assumptions | mention above.

At any rate, let's just check to seégiand-lu‘*’;—.f;are neighbor fractionsWe have:
O+ O+ A = O+ @ M= QW
and
GO+t YO+ = @+d Ay Qb= @ A= (W

Since% andg’are neighbor fractions (i.eaQ (;ﬂ)is plus or minus one), tr]en the preceding
calculations result in plus or mis one and s¢:¢is a neighbor to botly andg. Furthermore,
the numerator of one difference is just the negative of the rarator of the other difference.
This fact implies thaiu;*—.g‘i’is between the two if you star at this webpage for long enough and
think about it real hard. (Normally, this is where we just boldly sa@léarly,....y Actually, if

T o lis positive theny = is negative, and conversely, so thdt> 72 wheneverg < ==

@ w+Q w+Q



and/orw < &’i*’whenever > u‘*’;‘*’ Or, &
fractlons)

Ojs between, and? & (so long as they are nemegative

1&rQ

c) First of all, looking back at dahprewous section, we know that the fractlw’hes in between

and is a neighbor to botl:i and‘*’ Or, in partlcular o 3? QWQ) andg o 0“’;;’— q(jm) Now
what if you fad a fraction? so that3< < ‘*’> Elther— Q‘*:;’ Z:g< 2 or they are the samelf

they are the same, thefR= @+ ’Qandncannot be reduced since it is a neighbor, so tifas

not less thamo+ ‘Q (In other words, What w@e proving would be true in that case.) Suppose

Q ) Qo uﬁQ
o< 2 ) o Theng $< Z‘*;’—;’ = That is, using partbj above, < m Finally, muiply by

fam)+QZto getﬂthat((bo SYO+ Q) < "Q Slnce,$<%1 < '@ GQ and sol x (+
0D < (W Yo+ Q< QLG Fff asSSvya a2 aAYLIE S yz2sXx Of SIN

The trick, here (for me, at any rate), was to look at the distandéedenominator required for
the fraction is related to its distance from these neighbor fractioAs.| recall, | was thinking in
these terms originally but then must have gotten distracted somehdwey, if your child is
thinking like this, though, | thinke is born to do math-To be able to look past the formulas and
see reality is a rare tafe, indeed.

Problem 44:
They are exactly the sam&% of 7,000,000,000 is

(5/100) x 7,000,000,000
(5 x 7,000,000,000)/ 100
(5 x 7 x 1,000,000,000)/ 100
(7 x 5 x 1,000,000,000)/ 100
(7 x 5,000,000,000)/ 100 =
(7/100) x 5,000,000,000

whichis 7% of 5,000,000,000.
Problem 46:

a) Well, we already know tha2® = 64. We just need to multiply b a few more times to get,
128, 256,512,1,024...219 = 1,024,

b) This is the dcimal system! Just put the number of zeros behinil that match the number
displayed as the powef:0® = 1,000.

c) Again if 10 is raised to the ¥ power, then you putseven zeros behind a one:
107 = 10,000,000.

Problem 47:

In decimal each number in a sequence represents the number of some particular power ofSenin
the number1,234, the 2 represents2 of 10%s, and you just add them up:



1,234 = 1x10° + 2x 10% + 3x 10* + 4x 10°
So, to write dowrnL0*°%° asa string of digits in decimal notation, you have none of a given power of ten
except for the one ofen raised to the thousandSo, it is dl for that power, followed by all zeros for all
the powers leading up to it, or &for the 1,00¢' power and zers following the one for each of thé"0
through the 999 power. That's one thousand zeros and ohgor 1,001 digits.

Problem 48:

Hopefully, you learned how to do units in previous arithmetic clagsescience, even)You must do a
standard conversin:

4light-years = 4 x 3x 1082 x lyear =

4 x 3x 108 m x 1year % 365 Qays % 24 hours % 60 min % 605§c
1sec 1year 1 day 1 hour 1 min

Rearranging the terms, we can get the units of time to all cancel each other and ena wiiltiess
number timessome number of meters. Multiplying out the numbers gives usdiséance in meters:

1 x 365 x 24 x 60 x 60_
1x1x1x1x1

4 x 3x108m x

378,432,000 x 108 m = 3.78432 x 1016 m.
Problem 49:

a) As we saw earlie2’® = 1,024 which is the product of with itself ten times.We can multiply
that product by itself to get two mitiplied byitself 20 times. And so21° = 1,024 x 1,024 =
1,048,576 (if we just do it long hand)So, you will need digits.

b) We'll have to be a littlemore cleverwith 21%°, We have2!® = 1,024 = 10° + 24. If we
multiply this by itselfLO timesto get21% = (210)10 = (10% + 24)1°, The24 will certainly add
to the product, but (againthrough the tried and true method of just staring at the screen really
hard) we can see that the powers b®3 are always going to be much greater thany powers
of 24 and any cross terms with lower powers1@®. Or, in other words, we should get the
same number of digits as are(0%)1° = 10%° which hasl + 30 = 31 digits.



Problem 50:

Hopefully, we already know how to do thisWe write a 1 with a slash and then the decimal
representation of the numberaisedto the positive power (negate the negative).

a) 10 1= 1/10' = 1/10

b) 10 2 = 1/10% = 1/100

c) 10 3 = 1/10° = 1/1,000
Problem 51.:

Yes.For¢ = 0, = 1= I= 510 = & 0. Let's just taken for one moment what | just did herd.did not

just assume that | knew whab ° meant or even that 0 = 0 or anything like that (although, the latter
statementistrue and | could have tried something likeathbutit would only work with zero)l usethe
definition Gelfandjust gave and adirectly (and as soon) as possiblét is very common for someone

with no experience proving things mathematically to encounter an assertion and have no idea what to

do to prove it or even why it needs to be proven and/or whether its proof is trivial or Mdhen you
draw a blanklike that, looking at some statementeturn to the definitions of the objects discussed in
the statement. Be real "stupid" about it and takibe definition as literally as you can.



